The lattice sum of the Rotne-Prager hydrodynamic mobility tensor is cast into a rapidly converging form by an Ewald summation technique. The result has a direct application to the problem of how to deal with the long ränge of hydrodynamic interactions in Computer simulations of macromolecular Solutions.
Ewald sum of the Rotne-Prager tensor
The lattice sum of the Rotne-Prager hydrodynamic mobility tensor is cast into a rapidly converging form by an Ewald summation technique. The result has a direct application to the problem of how to deal with the long ränge of hydrodynamic interactions in Computer simulations of macromolecular Solutions.
A widely used technique for dealing with long-ranged interactions in Monte Carlo or molecular dynamics calculations is to impose periodic boundary conditions on the cell containing the System (by translating the cell to fill the whole of space) and then to sum the interactions ofthat cell with each of its images.' For computational purposes it is essential that this lattice sum is cast into a form which converges rapidly. For Coulomb interactions this is the wellknown Ewald sum. 2 Hydrodynamic interactions, surprisingly enough, though having the same long ränge, have not been dealt with by this technique. Instead, truncations of these interactions have been proposed in the literature 3 ' 4 ; these suifer, however, from a slow convergence with increasing interaction ränge. A related approach 5 has been to assume that hydrodynamic interactions in a Suspension are eifectively screened, with an empirically determined screening length. This assumption, however convenient it may be, is nonetheless physically incompatible with freely moving suspended particles. 6 That the lattice summation technique has not yet been used in Computer simulations of hydrodynamically interacting Systems, can be ascribed to lack of an analogous Ewald sum for hydrodynamic mobility tensors. It is the purpose of the present note to provide such a formula for the long-ranged part of the two-sphere mobility tensor, which is the so-called Rotne-Prager ten«or. 7 Consider a three-dimensional periodic lattice in which each unit cell (volume V, numbered by the index /) contains N spherical particles (radius a, numbered by the index /). The lattice points are given by the vectors r, and the particles have position vectors R,/ = R, + r,. We denote the force on a particle by F, and assume that the total force on the particles in a unit cell vanishes:
where z' 0 is a given particle in cell / 0 and M is the RotnePrager mobility tensor,
Here the vector χ (with magnitude χ and direction χ = Χ/Λ: ) represents the Separation vector R ;/ -R /o . The solvent viscosity is denoted by 77, and l is the unit tensor. Because of the long ränge of the RP tensor, the series (2) 
with the defmitions
The expression (4) Both series converge exponentially fast, with the convergence rate controlled by the parameter ξ > 0. For optimal convergence, ξ should be chosen neither too small nor too large; ξ = π 1 /2 V ~ ' /3 is a good choice in the case of a simple cubic lattice.
To arrive at the result (4), we first note an alternative representation of the two-sphere RP tensor (3a): 
and ξ > 0 an arbitrary parameter. We now substitute the decomposition (8) into Eq. (2),
The first series on the right-hand side of Eq. (11) is rapidly converging. The second series converges rapidly on the reciprocal lattice. The transformation to reciprocal space is performed by means of the formula 8
with the Fourier transform of a function g defined by g(k)= Jdre*-r g(r).
We may therefore write where the terms with k A = 0 vanish by virtue of Eq. (l). It remains to calculate M (1) (r), M (2) (k), and M (2) (r = 0). The expression (5) for M (1) (r) follows straightforwardly upon carrying out the differentiations in Eq. (9) . To obtain the Fourier transform of M (2) (r) we perform partial integrations,
Evaluation of the remaining scalar integral 10 yields Eq. (6). Finally M (2) (r = 0) can be most conveniently calculated by integrating the Fourier transform,
where we have used the result (6). This completes the derivation of the Ewald sum of the Rotne-Prager tensor. In dilute Systems, where the assumption of pairwise additivity of the hydrodynamic interactions is justified, the RP tensor contains all the long-range contributions to the mobility: Corrections fall oif at least äs fast äs the inverse fourth power of the interparticle Separation,'' and therefore do not give rise to convergence problems. In more concentrated Systems, to be sure, many-body hydrodynamic interactions have been shown to play an important role.
12 There is, nonetheless, theoretical and experimental evidence 13 · 14 that to a certain extent these contributions may be accounted for through an eifective pair mobility, which is just the RP tensor-but with the solvent viscosity replaced by the concentration-dependent eifective viscosity of the Suspension. As a final remark, we note that -although the above analysis was performed for a monodisperse solutionthe extension to a System with spherical particles of diiferent radiia, (/= 1,2,...,7V) isimmediate":Oneneedonlyreplace in each of the above equations the radius α to the first power by a, o , and the radius a to the third power by ΐα, ο (α 2 ο + α 2 ).
